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Enveloping algebras of Lie stacks give irreducible Hopf algebra deformations of
 .U g which are neither commutative nor cocommutative. In this paper we present
and study a large class of examples of Lie stacks. In particular, we show that the
PBW-bases of these Hopf algebras do not have to be finite in general. Further, we
 . construct a non-cocommutative Hopf structure on U g usually with antipode of
.infinite order whenever g has a codimension one Lie ideal h such that the
quotient has the h-weight of an eigenvector of H2 h. Q 1997 Academic Press
1. INTRODUCTION
Over the last decade several attempts have been made to construct and
classify ``nice'' algebra deformations of the commutative polynomial alge-
w xbras C x , . . . , x . Even if we assume excellent homological properties1 n
 wsuch as Auslander regularity and the Cohen]Macaulay property as in 1,
x.9 classification seems to be out of reach at the moment, whenever n G 4.
Apart from homological properties, polynomial algebras have a lot of
additional structure. For example, the corresponding affine variety An s
 w x.Max C x , . . . , x carries the structure of an Abelian group under compo-1 n
w x w n xnentwise addition. That is, C x , . . . , x s C G the coordinate ring of1 n a
n  .the algebraic affine group scheme G n copies of the additive group G .a a
w xAs such, C x , . . . , x has the structure of an Hopf algebra which is both1 n
commutative and cocommutative with comultiplication D and counit e
induced by
D x s x m 1 q 1 m x and e x s 0, .  .i i i i
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that is, the algebra generators x are primitive elements. Further, thisi
coalgebra structure is irreducible meaning that every sub-coalgebra of
w xC x , . . . , x contains the unique group-like element 1.1 n
Hence, it is a natural question to construct and classify Hopf algebra
w xdeformations U of C x , . . . , x which remain irreducible as a coalgebra,1 n
but which may be neither commutative nor cocommutative. It will turn out
that such deformations U then automatically have excellent homological
w xproperties if we can bound their growth, see 7 .
If we restrict attention to deform either the multiplication or the
comultiplication, then deformations are classically well known and are
summarized in the diagram below




U g dim g s n U s s Lie stack .  .  .6
not commutative not commutative
cocommutative not cocommutative
where U is an n-dimensional unipotent group and g an n-dimensional Lie
algebra.
w xIf U is a non-commutative group, the corresponding Hopf algebra C U
is not cocommutative. Because U has a composition series all of which
w xfactors are isomorphic to G , one can view C U as a Hopf algebraa
w n xdeformation of C G .a
 .Similarly, if g is a non-Abelian Lie algebra its enveloping algebra U g
is not commutative and carries a Hopf algebra structure by declaring all
Lie algebra elements to be primitive elements. Since the associated graded
w n x  .Hopf algebra for the generator filtration is C G , U g again can bea
w n xviewed as a Hopf algebra deformation of C G .a
In this paper we focus attention on the remaining corner in the above
diagram. That is, we want to construct and study Hopf algebra deforma-
w n xtions of C G which are neither commutative nor cocommutative but area
still irreducible as Hopf algebras. Hence, these deformations are different
from the extensively studied quantized enveloping algebras as in, for
w x.example 6 which have more group-like elements.
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w n xA first idea would be to mimic the deformation procedure from C G toa
w xC U starting this time from the non-commutative enveloping algebra
 .U g . Hence, we would like to put a not cocommutative comultiplication
 .on U g . If this can be done, we have two Hopf algebras with the same
 .category of representations as they are isomorphic as algebras but with
different tensor product structures on these representations.
In our investigation we stumbled upon the following easy procedure to
 .construct such Hopf algebra deformations of U g .
THEOREM. Let h be a finite dimensional Lie algebra such that there is a
non-zero h-eigen¨ector
y s y m yX y yX m y g H2 h i i i i
with character l g h*.
Let g s h q C x be the Lie algebra extension determined by l. That is, the
w x  .remaining brackets are gi¨ en by x, h s l h x for all h g h.
 .  .For t g C* we define a Hopf algebra U g which coincides with U g ast
 .an algebra, the usual coalgebra structure on the subalgebra U h , and with
modified maps on x as
D x s x m 1 q 1 m x q ty , e x s 0, and .  .
w X xS x s yx q t y , y . .  i i
 .U g is a Hopf algebra which is not cocommutati¨ e and with antipode S oft
w X xinfinite order whene¨er  y , y / 0 in h. Moreo¨er, if t ª 0 the Hopfi i
 .  .algebra U g degenerates to the usual Hopf structure on U g .t
These deformations are particular examples of a more general construc-
w x tion introduced in 7 . The basic idea is to deform Lie algebras and
.subsequently their enveloping algebras in the larger categories of Lie
stacks. The main purpose of this paper is to present and study a large class
of examples of Lie stacks.
w xIn particular we given counter-examples to a conjecture from 7 asking
whether the Poincare-Birkhoff]Witt bases of these algebras are necessar-Â
ily finite. For example,
THEOREM. Let h s C x q C x q C x q C y with non-zero bracket1 2 3 1
w x  .x , y s y and consider the subalgebra U s of the affine Lie algebra1 1 1
 w x. n  .U h t spanned by h , x m t, and the y s y m t for all n g N. U s is1 nq1 1
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an Hopf algebra with comultiplication induced by
D y s y m 1 q 1 m y q nh m x q ??? .nq1 nq1 nq1 n 2
n i nq y m x q ??? qy m xnq1yi 2 1 2 /i
and is the en¨eloping algebra of a Lie stack.
2. EXAMPLES OF LIE STACKS
 .The basic idea to construct Hopf algebra deformations of U g is to
deform the finite dimensional Lie algebra g in the category of Lie stacks
w xas introduced in 7 . A Lie stack is an algebra morphism
s : A ª A m B ,
where A and B are finite dimensional C-algebras and where B is assumed
to be augmented local, that is, B has a unique nilpotent maximal ideal m
with Brm , C. Therefore, the dual coalgebra B* is pointed irreducible,
 .that is, B* has a unique group-like element which we will denote with 1
contained in every sub-coalgebra.
One can associate to a Lie algebra g a Lie stack s as follows. Assumeg
g s C g q ??? qC g ¨ Der A ,1 n
that is, g is a Lie subalgebra of the C-derivations Der A of a finite
dimensional algebra. Then, we define B to be the commutative 2-nilpo-0
tent algebra of dimension n q 1
2w xB s C x , . . . , x r x , . . . , x .0 1 n 1 n
and a linear map
n
s : A ª A m B , a ¬ a m 1 q g z m x . .g 0 i i
is1
It is easy to verify that s is an algebra map using that the g areg i
derivations and all x ? x vanish. The Lie stack s contains all informationi j g
 .necessary to construct the enveloping algebra U g as we will recall in the
next section. If we fix m s dim A and n q 1 s dim B we can define the
variety of Lie stacks
LieS m , n ¨ Alg = AugmLocal = M C .  .m nq1 m , mnq1.
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which is affine. Here, Alg denotes the variety of all associative algebrasm
of dimension m and AugmLocal the Zariski closed subvariety ofnq1
Alg consisting of the augmented local algebras. For more details onnq1
w xthese varieties we refer the reader to 3, 5, 10, 11, 7 .
We now want to construct ``nearby'' points s of the point s gg
 .LieS m, n , that is, we want to deform s in the category of Lie stacks. Weg
can find this deformed Lie stack s by either deforming A in Alg or Bm 0
in AugmLocal or the algebra map.nq1
For a specific g this study involves an infinitesimal obstruction given by
calculating the normal space to the orbit of s under the base-changeg
action by GL = GL , or equivalently, to compute the ``Lie stackm nq1
cohomology'' group of s . Next, one then has to verify that a non-trivialg
element in this group really determines a Lie stack s. For specific g for
.example, g simple it is conceivable that the obstruction will vanish and
 .hence that s will be rigid in LieS m, n . A computation shows that this isg
the case when g s sl . In this paper we want to bypass these technical2
problems by putting restrictions on the algebra A and hence on the Lie
.subalgebras g ¨ Der A such that we can deform s by deforming B tog 0
an arbitrary B g AugmLocal .nq1
Restriction of A. Let Q be a connected quiver without oriented cycles,
 4that is, Q is an oriented finite graph with vertices ¨ , . . . , ¨ and arrows1 k
 4w , . . . , w whose underlying graph is connected. Consider the algebra A1 l
of dimension m s k q l
A s C¨ q ??? qC¨ q Cw q ??? qCw1 k 1 l
with multiplicative basis and defining relations
¨ ? ¨ s d ¨ , w ? w s 0i j i j i i j
 .  .and if ¨ resp. ¨ is the starting vertex resp. terminating vertex ofsw . tw .
the arrow w we have
¨ ? w s d w , w ? ¨ s d w.i sw . i i tw . i
Rephrased in standard finite dimensional algebra terminology we have
2A s CQr Q , .q
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where CQ is the path algebra of the quiver Q and Q is the two-sidedq
ideal of CQ generated by the arrows in Q. As a consequence, A is a basic
 . that is, all simple A-modules are one dimensional and 2-nilpotent that
 .2 .is, rad A s 0 . Conversely, every finite dimensional basic 2-nilpotent
algebra has such a description.
w xUsing result of Happel 5 we have a fairly tight control on the deriva-
tions of A:
LEMMA 1. With A as abo¨e, Der A is a metabelian Lie algebra of
dimension 2 l.
Proof. For every finite dimensional algebra A we have the exact
sequence
0 ª Inn A ª Der A ª H 1 A ª 0, .  .  .
 . 1 .where Inn A is the sub-Lie algebra of inner derivations and H A is the
first Hochschild cohomology which determines whether A has deforma-
. w xtions in Alg . The inner derivations are generated by x s ¨ , y andm i i
w x y s w , y subject to the relation that x q ??? qx s 0 because the ¨j j 1 k i
.are the primitive idempotents of A . The x commute with each other asi
do the y and further we havej
w xx , y s d q d y . .i j i , sw . i , tw . jj j
 .That is, Inn A is a metabelian Lie algebra of dimension k q l y 1.
w xAs Q has no oriented cycles, we know from 4, Theorem 2.2 that the
1 .dimension of H A is equal to the Euler characteristic of Q which is
using the above notation 1 y k q l. In particular, all derivations of A are
inner if and only if the underlying graph of Q has no cycles. If there are
cycles, outer derivations arise as follows: let w be an arrow in a cycle ofj
the underlying graph; then d : A ª A defined by
d ¨ s 0 and d w s d w .  .i i i j j
is a derivation and using connectivity of Q one can show that d determines
1 . w xa non-zero element in H A 4, Proposition 2.3 . Observe that these
outer derivations commute with the x and y .i j
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Combining this information we have that the dimension of Der A has
dimension 2 l and has an Abelian Lie ideal of dimension l
C y q ??? qC y e Der A1 l
with Abelian quotient.
 .In particular, for all d g Der A and all a g A we have that d a is
either zero or lies in the linear span of the arrows Cw q ??? qCw .1 l








 .Then A can be identified with the subalgebra of M Cl lq1
C 0 ??? 0 C
0 C ??? 0 C
. . .. . .A sl . . .
0 0 ??? C C
0 0 ??? 0 C
via the map ¨ ¬ E and w ¬ E . As the underlying graph has noi i, i i i, lq1
cycles all derivations are inner and
Der A s C x q ??? qC x q C y q ??? qCy , .l 1 l 1 l
the only non-vanishing brackets of which are
w xx , y s d y .i j i j i
Date Corresponding to B. As a consequence of the heavy restrictions on
A we can take for B s C1 q Cb q ??? qCb an arbitrary augmented1 n
local algebra of dimension n q 1 with maximal ideal m s Cb q ??? qCb .1 n
If the basis is ordered with respect to the radical filtration, that is, if
b g m z for some z then all b X g m z when j F jX then we call it aj j
standard basis. With e we denote the ``embedding dimension'' of B, that
 .2is, e s dim mr m .
For n F 4 these algebras and their degenerations were completely
w xclassified in 3, 10, 5 . For example, the degeneration picture of all
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4-dimensional augmented local algebras can be depicted by
where the dotted region indicates the commutative algebras. Representa-
tions of the algebras and standard bases are given in the table below
Type Representation b b b1 2 3
4 2 3w x  .1 C x r x x x x
2 2w x  .2 C x, y r x , y x y xy
3 2 2w x  .3 C x, y r x , xy, y x y x
2w x  .4 C x, y, z r x, y, z x y z
2 2 :  .5 C x, y r y , x q yx, xy q yx x y xy
2 2 :  .6 C x, y r x , y , yx x y xy
2 2 :  .7 C x, y r x , y , yx y l xy x y xyl
2 2 :  .8 C x, y r x , y , xy q yx x y xy
For arbitrary n one can describe the augmented local algebras B dimen-
sional n q 1 inductively using the theory of Hochschild cocycles, see, for
w x w xexample, 11 or 7 . One obtains a similar degeneration picture: there is a
central commutative tree rooted at the commutative 2-nilpotent algebra
w xB but which can have more components if n G 7 11 . All non-commuta-0
LIEVEN LE BRUYN560
tive B eventually degenerate into this commutative tree. In particular,
AugmLocal is connected and every B degenerates into B the algebranq1 0
.occurring in the definition of s .g
With notations as above we have:
 .LEMMA 2. For A and B as abo¨e and d g Grass n, 2 l representing an
embedding d: m ¨ Der A, the linear map
n
s : A ª A m B , a ¬ a m 1 q b a m b .d i i
is1
is a Lie stack.
 X.  .  .Proof. In order to verify that s aa s s a s a9 one has to checkd d d
that
b a m b ? b a m b s 0 .  . .  .i i j j
 .for all i, j. From our description of Der A it follows that b a gk
Cw q ??? qCw s rad A and the claim follows because A is 2-nilpotent.1 l
As these Lie stacks depend only on a choice of basis of the maximal
ideal m of B and not on the specific algebra structure of B we have the
following
PROPOSITION 1. Let s X: A ª A m BX be a Lie stack of the abo¨e type.d
If BX deforms to B in AugmLocal there exists a Lie stack s : A ª A m Bnq1 d
 .Xwhich degenerates to s in LieS m, n .d
In particular, if g ¨ Der A we can find for any B g AugmLocal a Lienq1
stack s which deforms s .d g
w xProof. Let t be the deformation parameter and B the C t -algebra
 .  . Xsuch that Br t y 1 , B and Br t , B defined by the deformation.
 .  .  .  .Choose b t , . . . , b t g B such that b 0 , . . . , b 0 is a basis for the1 n 1 n
maximal ideal mX of BX.
Using the embedding dX: mX ¨ Der A we can now define a Lie stack
n
s : A ª A m B , a ¬ a m 1 q b 0 a m b 1 .  .  .d i i
is1
Xwhich degenerates into s .d
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 .3. THE HOPF ALGEBRAS U s AND LIE COALGEBRAS
In this section we will recall the definition of the enveloping algebra
 . w xU s of a Lie stack and supplement some of the results of 7 . In particular
w xwe will indicate the connection with Lie coalgebras as introduced in 13 .
Given a Lie stack s: A ª A m B we have the pointed irreducible
coalgebra B* and a linear map
m : B* ª End A mapping l ¬ s , .s l
where s is the compositionl
s idml 6A ª A m B A m C , A.
Because s is an algebra morphism, the map m is a measuring of thes
coalgebra B* on A meaning that
s aaX s s a s aX and s 1 s e l 1. .  .  .  .  .l l l l1. 2.
 .l
w xFrom general results of M. Sweedler 15, Chap. VII there exists a
 .  .universal measuring univ: M A, A ª End A such that there is a uniquely
 .determined coalgebra map B* ª M A, A making the diagram
ms 6
B* End A .6
'! univ6
M A , A .
commutative. Crucial for our purposes is the fact that one can define
 .a bialgebra structure on M A, A induced by the composition of
measurings.
 .DEFINITION 1. The enveloping algebra U s of the Lie stack s is the
 .subalgebra of M A, A generated by the image of B*.
 .  .Clearly, U s is a bialgebra measuring A via univ. Moreover, as U s is
 .generated by the pointed irreducible coalgebra B*, U s is irreducible as
w xcoalgebra and hence an Hopf algebra by 15, Theorem 9.2.2 .
 .Because some of the structure results we need about U s hold in
greater generality we state them as such.
If U is an arbitrary irreducible Hopf algebra one can define an exhaus-
tive Hopf filtration on it, namely, the coradical filtration. This filtration is
defined by
< XU s C1 and U s U q x g Ker e D x g U m U , 4 .  .0 n 0 ny1 ny1
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 .where we define for every x g Ker e
D
X x s D x y x m 1 y 1 m x . .  .
 .  .In particular, U s C1 q P U where P U is the space of primitive1
elements of U. With gr U we will always denote the associated graded
Hopf algebra with respect to the coradical filtration.
w xFrom 15, Chap. XI one deduces that gr U is a commutative Hopf
w xalgebra. For a short crisp inductive proof of this fact we refer to 12 . The
w xfollowing result was proved in 7 . As it is crucial for the sequel we recall
its short proof.
 .THEOREM 1. If U is an irreducible Hopf algebra o¨er C , then U is a
domain and has a Poincare]Birkhoff]Witt basis.Â
Proof. If R is a finitely generated graded sub-Hopf algebra of the
commutative positively graded Hopf algebra gr U it is smooth and hence
 .  .2must be isomorphic as algebra to the polynomial algebra on R r R .q q
 .From this it follows that gr U is a domain whence so is U and that gr U is
2 .a polynomial algebra on gr U r gr U .q q
The above result controls the algebra structure of gr U. Similarly, we
would like to control the costructure. To do this we need to recall the
definitions of Lie coalgebras and their co-enveloping bialgebras as intro-
w xduced and studied in 13, 14 . These notions are dual to those of Lie
algebras and their enveloping algebras.
If V is a vectorspace, denote with t the twist on V m V and with z the
cyclic permutation on V m V m V. A Lie coalgebra f is a vectorspace
together with a cobracket b: f ª f m f satisfying
Im b ; Im 1 y t and 1 q z q z 2 ( 1 m b ( b s 0, .  .  . .
where the second condition is dual to the Jacobi identity. For example, if
C is a coalgebra one can make it into a Lie coalgebra via the cobracket
 .b s 1 y t (D.
Dualizing the universal property of enveloping algebras one gets a
c .definition of the universal co-enveloping bialgebra U f of a Lie coalge-
 .bra f in fact, we take the irreducible component of 1 . It has a canonical
w xstructure of a commutative irreducible bialgebra. We refer to 13, 14 for
more details.
 .THEOREM 2. If U is an irreducible Hopf algebra o¨er C , then the
 .2 c .PBW-basis u s gr U r gr U is a Lie coalgebra such that gr U , U uq q
as Hopf algebras.
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Proof. Let B be an irreducible commutative bialgebra with augmenta-
 . 2tion ideal I s Ker e and define u s IrI . The main observation neces-
sary to showing that u inherits a Lie coalgebra structure as a quotient of
the canonical Lie coalgebra structure on B is that
b x g Ker 1 m e j Ker e m 1 s I m I .  .  .
and that I 2 is a Lie coideal of I, that is,
b x ? y g I 2 m I q I m I 2 .
and hence via the identification B s C1 [ I, u inherits the structure of
Lie coalgebra under the map
B ¸ I ¸ IrI 2 s m.
w x c .Moreover, by 14 we known that B , U u as Hopf algebras.
The result now follows from the fact that gr U is an irreducible commu-
tative bialgebra.
In particular, u* will be a Lie algebra naturally associated to the
irreducible Hopf algebra U which will be graded and when finite it will be
 w x.nilpotent. Nilpotency follows from the fact see 7 that gr U is then the
coordinate ring of an affine unipotent group scheme.
 .  .2If we denote U s Ker e then also U r U has a canonical Lieq U q q
coalgebra structure. However, it may be too small to be of any interest.
 .For example, for U s U sl it is zero!2
After this general excursion let us return to the irreducible Hopf
 .algebras U s of interest to us.d
PROPOSITION 2. With notations as before we ha¨e:
 .  .1 U s is cocommutati¨ e iff B is commutati¨ ed
 .  .  .2 If U s is commutati¨ e then Im d is Abelian.d
In particular, if we start from s with g a non-Abelian Lie subalgebra ofg
Der A and deform B to a non-commutati¨ e B, we obtain an irreducible Hopf0
 .algebra U s which is neither commutati¨ e nor cocommutati¨ e.d
 .Proof. 1 As d: m ¨ Der A we know that the coalgebra map B* ª
 . M A, A is injective because it is injective on the primitive elements of
.  .B* so if B is non-commutative, B* and hence U s is non-cocomutative.d
Conversely, if B is commutative, B* is cocommutative and hence so is any
bialgebra generated by it.
 .2 Degenerated B to B we can degenerate s to a Lie stack s :0 0
 .  .A ª A m B . If U s is commutative so must be U s but this last0 0
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 .algebra is the enveloping algebra of the Lie subalgebra generated by Im d
by the structure results of cocommutative irreducible bialgebras, see
w xalso 7 .
In the remaining part of this paper we try to understand the algebra
 .structure of U s . In particular we want to construct a PBW-basis andd
w x  .determine its size. Recall from 7 that the coradical filtration on U s isd
finite dimensional. Hence, if the PBW-basis is infinite the degrees of the
 .generators of gr U s must be unbounded. Below we will outline and
effective, though laborious way to determine the PBW-basis inductively.
Using the coalgebra structure of C s B* there is a unique pointed
 .  .irreducible Hopf structure on T m* and as U s is generated by C wed
 .  .  .have an Hopf algebra epimorphism T m* ¸ U s . Assume we haved
 .already found an ideal I of relations which are valid in U s and we wantd
 .  .to verify whether T m* rI , U s , then it suffices to verify injectivity ond
 . w xthe primitive elements of T m* rI, see 15, 11.0.1 . Hence, we have to
hunt for primitive elements and their relations.
 .At each step a in the procedure we have two lists of elements of U s d
 .  4resp. T m* rI . The first, B s p , . . . , p , is part of the PBW-basisa a 1 ka
 4and the second, N s n , . . . , n , are potential new basis elements. Botha 1 la
 .lists are ordered with respect to the coradical filtration on U s resp.d
 .T m* rI . The first step consists of takinga
 4  4B s p , . . . , p and N s c , . . . , c ,1 1 k 1 eq1 n1
where e is the embedding dimension of B, where C p q ??? qC p s g is1 k1
the Lie subalgebra of Der A generated by the image of d which is the1
natural map
d : mrm 2 ª Der A1
and where I is the ideal generated by all relations holding in g.1
What actions do we perform at step a q 1? First we see whether for any
X .  .of the n we have that D n s D w for some w an ordered polynomiali i i i
in the basis B . If this is the case, n y w will be a primitive element ofa i i
 .  .T m* rI and therefore in U s we must havea d
n s w q g for some g g Der A.i i i i
If g is spanned by the B we can remove n from N and continue.i a i a
If g does not belong to the span of B we do the following: take asi 1
B a basis of the Lie algebra spanned by the degree one elements fromaq1
B and g , take for N the remaining elements from B together witha i aq1 a
the remaining elements from N , and for I the ideal generated by Ia aq1 a
and the relations valid in this new Lie algebra. Then go to step a q 2.
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X .Assume that for none of the n we have that D n is a polynomial ini i
B , we computea
X w x m2c s D p , n g T m* rI . .i j i j a
X .for 1 F j F l and for 1 F i F k . For fixed j, assume that c s D w fora a i j i j
some polynomial in the basis B . Then again as before we must have fora
 .the image in U s thatd
w xp , n s w q g for some g g Der A.i j i j i j i j
If the g does not belong to the span of B we proceed as before.i j a
 .Otherwise, we have a new relation in U s which we may add to I . If wed a
get such a relation for every i we may remove n from the list of potentiali
basis-elements.
If, however, c is not the DX for a polynomial in B we have to add ai j a
new PBW-basis element p with
D p s p m 1 q 1 m p q c . i j
w x  .and we have the relation p , n s p in U s .i j
 .Because the coradical filtration on U s is finite we get after a finited
number of steps the correct PBW-basis up to a required degree, together
with all their commutation relations up to this degree.
 .4. PBW-BASIS FOR U s d
In this section we will apply the foregoing general inductive method to
 .construct explicit PBW-bases for the Hopf algebras U s . As everyd
augmented local algebra B degenerates to a commutative one, let us first
consider this case.
4.1. B Commutati¨ e
If s : A ª A m B is a Lie stack with B commutative, we know thatd
 .  .  .U s , U g for a Lie subalgebra g of Der A . In this subsection we willd
give an inductive procedure to construct explicitly the embedding C ¨
 .U g of the dual coalgebra C s B*. Observe that this will give us rather
 .special sets of generators namely, spanning a sub-coalgebra of enveloping
algebras.
C is point irreducible of dimension n q 1, with a unique group-like
element 1 s 1* and basis c s bU. If we start with a standard basis of B,i i
this basis is ordered with respect to the coradical filtration C on C, that is,z
LIEVEN LE BRUYN566
if c g C then also c X g C for all jX F j. In particular, the primitivej z j z
 .element Prim C of C is the span Cc q ??? qCc for e the embedding1 e
dimension of B.
If B is 2-nilpotent, every c is primitive and hence acts as the derivationi
 .  .  .d b on A. The embedding C ¨ U s then maps c to d b and g is thei d i i
Lie subalgebra generated by the image of d.
In the general case we may assume inductively that we have already
 .constructed for the quotient algebra f : B ¸ B s Br b and the corre-n
sponding Lie stack
s 1mfd 6 6
s : A A m B A m Bd
the embedding
B* s C ¨ U s s U h ¨ U Der A . .  . .d
X .  .  .  .Hence, D c g C m C ¨ U h m U h . As C ¨ U Der A we can usen
the classical version of PBW for enveloping algebras to deduce that there
 . X . X .must exist an element w g U h such that D c s D w . Hence, c y wn n
 .  .is a primitive element of U s and since U s measures A there is ad d
derivation g g Der A such that c s w q g. One can compute g as wen
know the action of c on A via the Lie stack s and the action of w on An d
 .via the measuring of U h induced by s .d
PROPOSITION 3. With notations as abo¨e, let g be the Lie subalgebra of
Der A generated by h and g. Then there are coalgebra embeddings
6;  .C U h
6 6
F F
 .C s C q Cc ¨U gn
which sends c ¬ w q g.n
X .The element D c g C m C satisfies a condition which implies thatn
C s C q Cc is a coalgebra. The required condition is obtained by dualiz-n
 . w xing the treatment of symmetric Hochschild cocycles in 11 . For future
reference we state the general result here.
PROPOSITION 4. Let C be a finite dimensional pointed irreducible coalge-
Xbra with unique group-like element 1 and let y s  c m c g C m C. Define
 .C s C q C x and D x s x m 1 q 1 m x q y. Then,
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 .1 C is a coalgebra if and only if y is a Hochschild co-cocycle, that is,
X X X m3c m c m c s c m c m c g C . 1. 2. 1. 2.
 .2 C is cocommutati¨ e if and only if C is cocommutati¨ e and y is a
symmetric Hochschild co-cocycle, that is,
X Xc m c s c m c g C m C. 
 .   . .2In this case, the Lie coalgebra u s gr U s r gr U s s g has zeroq q
cobrackets. Hence, u* is the Abelian Lie algebra.
 .Observe that the images of the c give a generating set for U g . Even ini
the special case when u m ¨ Der A gives a commutative sub-Lie algebra
this gives us interesting tame automorphisms of the polynomial algebra.
Let us give some examples
 .EXAMPLE 1 continued . Let us compute these automorphisms for the
commutative 4-dimensional local algebras. Their representations and stan-
dard basis were given before.
Consider the embedding d: g ¨ Der A where A is the path algebra3 3
.of the 3-subspace quiver depicted by







 .By this we mean that d b s x the inner derivation determined by ¨ .i i i
w xThen the embeddings C ¨ C x , x , x are given by the following tame1 2 3
automorphisms
Type c c c1 2 3
1 1 1 12 3 2 .1 x x q x y x x q x x q x y x q x1 2 1 1 3 1 2 1 1 12 6 2 3
2 x x x q x x1 2 3 1 2
1 2 .3 x x x q x y x1 2 3 1 12
4 x x x1 2 3
w xIn the forthcoming paper 8 we will study the applications of Lie stacks on
automorphism problems of polynomial and enveloping algebras.
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4.2. B Not Commutati¨ e
 .  .If B is commutative, we have seen that U s , U g as Hopf algebrasd
for some Lie subalgebra g ¨ Der A. In particular, the PBW-basis of
 .U s is finite. We will now investigate what happens if B is no longerd
  ..commutative. First, let us state a few general facts. If p s Prim U s ,d
 .  .then p ¨ Der A and U p ¨ U s .d
 .LEMMA 3. If U denotes the ith part in the coradical filtration on U s ,i d
 .then U is a finite dimensional p-module and so is gr U s s UrU .i d i i iy1
 .Proof. The p-action is given by commutation in U s . Because thed
associated graded algebra is commutative we have for p g p and u g Ui
that
w xh , u s hu y uh g Ui
from which the claims follow.
 .LEMMA 4. The generators of degree two of gr U s can be chosen suchd
X .that they ha¨e preimages z g U such that the D z span a p-submodule ofi 2 i
2 .H p .
 .Proof. Let z g U be such that its image in gr U s is generator.2 d
Clearly,
D
X z g p m p s S2 p [ H2 p .  .  .
X . 2 .  .say D z s s q a. As s g S p there is a quadratic element w g U p
X . Xsuch that D w s s. If we replace z by the generator z s z y w then
X X. 2 .D z g H p .
Xw X x. 2 .For every p g p we can compute that D p, z g H p and the claim
follows from the foregoing lemma.
These facts enable us to give a first example of a Lie stack s such thatd
 .U s has an infinite PBW-basis.d
 .EXAMPLE 1 continued . Consider the augmented local non-commuta-
tive five dimensional algebra
 : 2 2 2B s C x , y , z r x , yx , y , z , xz , zx , yz , zy .
which has as a standard basis b s x, b s y, b s z, and b s xy. Its dual1 2 3 4
algebra C is such that c , c , and c are primitive and1 2 3
D c s c m 1 q 1 m c q c m c . .4 4 4 1 2
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Consider the Lie stack s : A ª A m B depicted byd 3 3









That is, we have the embedding m ¨ Der A sending b ¬ x , b ¬ x ,3 1 1 2 2
b ¬ y , and b ¬ x .3 1 4 3
In fact we could have taken any 2-nilpotent algebra A and construct the
embedding in such a way that ¨ is the starting point of w and that ¨1 1 2
and ¨ do not lie on w . A similar remark can be made for all the examples3 1
given below where we took for concreteness sake the special case when
A s A the path algebra of the l-subspace quiver.l
Let h s C x q C x q C x q C y be the four dimensional sub-Lie1 2 3 1
algebra of Der A with brackets
w x w x w x w xx , x s 0, x , y s y , x , y s 0, x , y s 0.i j 1 1 1 2 1 3 1
 .  .  .Then U h ¨ U s . If we denote the image of c in U s by c q x , wed 4 d 3
have
D c s c m 1 q 1 m c q x m x . . 1 2
X . 2 .  .As D c f S h we must add c to the PBW-basis of U s . Next, wed
want to find the commutation relations of c with h g h. In order to do
w x w  .  .xthis we compute D c, h s D h , D h using the formula valid in any
bialgebra
w x w x w xa m a , a m a s a , a m a a q a a m a , a .1 2 3 4 1 3 2 4 3 1 2 4
We obtain, using the commutation relations in h , that
w xc, x are primitive elements in U s .i d
so they must act as derivations on A. As c acts as the zero derivation we
deduce that
w xc, x s 0 in U s . .i d
However, if we calculate the commutator of c and y we find1
w x w x w xD c, y s c, y m 1 q 1 m c, y q y m x1 1 1 1 2
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X 2 .whose D does not belong to S h . Therefore, we have to add yet another
element y to our PBW-basis with2
w xD y s y m 1 q 1 m y q y m x and c, y s y . .2 2 2 1 2 1 2
As we know the action of c and y on A we can compute by composition1
that of y which is in this case the zero map.2
Observe that we could have deduced the existence of another PBW-basis
element of degree two also from the fact that they must span a h-module
X . X .and indeed CD c q CD y is an h-submodule of h m h.2
Again, we have to compute commutation relations of y with the other2
base-elements. For the elements of h we obtain as before
w x w x w x w xx , y s y , x , y s 0, x , y s 0, y , y s 0,1 2 2 2 2 3 2 1 2
but if we compute the commutator of c and y we find2
X w x 2D c, y s 2 y m x q y m x .2 2 2 1 2
and one verifies that this cannot be the DX of a polynomial in the ordered
 4PBW-basis x , x , x , y , c, y . Hence, we have to add a degree element1 2 3 1 2
y to our PBW-basis with3
2 w xD y s y m 1 q 1 m y q 2 y m x q y m x and c, y s y . .3 3 3 2 2 1 2 2 3
Using the foregoing computations as a basis for induction we obtain
 .LEMMA 5. There exist elements y in U s such thatn d
D y s y m 1 q 1 m y q ny m x q ??? .nq1 nq1 nq1 n 2
n i nq y m x q ??? qy m xnq1yi 2 1 2 /i
and which act on A as the zero map.
 .In U s these elements satisfy the commutation relationsd
w x w x w xx , y s y , x , y s 0, x , y s 0,1 n n 2 n 3 n
w x w xy , y s 0, c, y s y .i n n nq1
Proof. Assume we proved the commutation relations already for y ;n
then using centrality of x i which simplifies the required computations we2
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find that
X w x X X w x X w xD x , y s D y , D x , y s 0, D y , y s 01 nq1 nq1 i nq1 i nq1
from which the required commutation relations follow using that y actsnq1
as the zero map on A. Moreover,
X w x w X x w X x w xD c, y s c m 1, D y q 1 m c, D y q x m x , D ynq1 nq1 nq1 1 2 nq1
and by the above mentioned general formula one computes that
nX 2 nw xc m 1, D y s ny m x q y m x q ??? qy m xnq1 nq1 2 n 2 2 2 /2
w X x1 m c, D y s 0nq1
w x 2 nq1x m x , D y s y m x q ny m x q ??? qy m x1 2 nq1 nq1 2 n 2 1 2
w xfrom which the definition of y , the commutation relation c, y snq2 nq1
y , and the fact that y acts as zero on A follows.nq2 nq2
 .We have the following elements in U s in the coradical filtrationd
deg 0 1 2 3 ??? n ???
elem 1 x c1
x2
x3
y y y ??? y ???1 2 3 n
 4PROPOSITION 5. The set x , x , x , c, y , y , . . . is an infinite PBW-basis1 2 3 1 2
 .  .for U s . With respect to it the defining relations of U s ared d
w x w x w xx , x s 0, x , c s 0, x , c s 01 2 1 2
w x w x w xx , y s y , x , y s 0, c, y s y1 n n 2 n n nq1
w xy , y s 0.i j
 .Proof. From the above computations it follows that the y g U s andi d
satisfy the required commutation relations. As the images of C are
 .contained in its span, they generate U s as an algebra. Assume the basisd
 .would not be a PBW basis. Then after factoring out the Hopf-ideal x2
 .which makes all the elements primitive in the quotient there should be
a linear relation among the base-elements in the quotient and hence
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 .a relation in U s d
y s a x q b x q g c q b y q x ? fnq1 1 3 i i 2
iFn
with n minimal and f a polynomial in the ordered basis. From our
 .knowledge of D y it follows that f / 0. But then, there should be a termi
 .x m f in D y , a contradiction.2 nq1
From the commutation relations we deduce that there is an embedding
w xU s ¨ U h t , .  .d
w x nwhere h t is the infinite dimensional Lie algebra spanned by h m t for
w x w k X l xall h g h and n g N. Brackets in h t are given by h m t , h m t s
w X x kq lh, h m t . The embedding is given via
c ¬ x m t and y ¬ y m t n .1 nq1 1
The cobrackets of the Lie coalgebra u spanned by the PBW-basis are
given by
b x s 0, b c s x m x y x m x .  .i 1 2 2 1
b y s n y m x y x m y . .  .nq1 n 2 2 n
Hence, u* is the Lie algebra with non-zero brackets
w U U x w U U xx , x s c* and y , x s ny .1 2 n 2 nq1
These Lie brackets resemble those of the Virasoro algebra see, for
w x.example, 2 .
 .If we consider the subalgebra of U s generated by the elementsd
x , x , x , y , . . . , y we see that they span a finite dimensional Lie algebra1 2 3 1 n
and we obtain a non-cocommutative Hopf algebra structure on the en-
veloping algebra they generate.
 .Hence, even in the cases when U s can be shown to have a infinite
PBW-basis some sub-Hopf algebras may be regular and they correspond to
enveloping algebras of modified Lie stacks. In fact, we have
 .PROPOSITION 6. Let H be an affine Hopf-subalgebra of U s for some
Lie stack s: A ª A m B. Then, there exists a Lie stack sX: A ª A m BX
 X.such that H , U s as Hopf algebras.
Proof. As the algebra H is generated by h , . . . , h , let C be a finite1 z
dimensional sub-coalgebra of H containing the h . Then as a sub-coalgebrai
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 .of U s there is a measuring of C and A and C is pointed irreducible. As
we have seen before, as measuring of A is equivalent to an algebra
morphism
sX : A ª A m C*
hence we can take BX s C*. From the construction of enveloping algebras
of Lie stacks, the conclusion then follows.
Remark however, that if we started with a Lie stack s with d:d
s ¨ Der A it will not always be the case that the new Lie stack sX is of a
similar type. As an example, consider the sub-Hopf algebra mentioned
above. Then we can take as a subcoalgebra
C s C x q C x q C x q C x 2 q ??? qC x ny1 q C y q ??? qC y1 3 2 2 2 1 n
and the corresponding algebra is
X  : 2 2 nB s C x , x , x , y x , x , x , y , x y .1 2 3 1 1 3 2 2 2 1
X  .with dim m s 2n q 1 which becomes eventually larger that dim Der A .
The computations performed in the above example can be used to
construct other enveloping algebras of Lie stacks with infinite PBW-basis.
PROPOSITION 7. Let B be a non-commutati¨ e augmented local algebra of
dimension 4. Then there exists a Lie stack s : A ª A m B such thatd m m
 .U s has an infinite PBW-basis.d
Proof. Representations and standard bases for the non-commutative
4-dimensional augmented local algebras are given by the table in Section
2. We will use that notation. For the dual coalgebras C s B* we have that
c and c are primitive and the comultiplication on c is easily verified to1 2 3
be determined by
Type DXc3
5 c m c q c m c y c m c1 1 1 2 2 1
6 c m c1 2
7 c m c q lc m cl 1 2 2 1
8 c m c y c m c1 2 2 1
Consider the map d: m ª Der A which sends b ¬ x and b ¬ y q x .m 1 1 2 1 2
Then for each of the above algebras we have that the image of d1
generates a three dimensional Lie algebra h s C x q C x q C y . More-1 2 1
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 .over, using the explicit form of D c we can in each case assign an3
element of h to c and modify the generator by a quadratic element of3
 . XU h as before to obtain c which acts as zero on A and such that3 m
D cX s cX m 1 q 1 m cX q x m y q x . .  .3 3 3 1 1 2
But then there must be a PBW-base element d with DXd s x m x and3 3 1 2
 Xw X x.which acts as zero on A for this, compute D x , c .1 3
If we replace the role of c by d in the foregoing example we can make3
 .the same calculations and arguments and obtain that U s has an infinited
PBW-basis.
THEOREM 3. If B is an augmented local algebra ha¨ing a non-commuta-
ti¨ e local quotient of dimension 4, then there exist Lie stacks s : A ª A m Bb
 .such that U s has an infinite PBW-basis.d
Proof. Clearly, if p : B ¸ BX is an epimorphism and sX: A ª A m BXm m
is a Lie stack, then we can extend sX to a Lie stack s: A ª A m B suchm m
X  .that s s 1 m p (s. We can assign arbitrary derivations to basis ele-
 .ments in Ker p . Further, we can choose m large and such that m ¨
 X.  .Der A. But then we have U s ¨ U s and the foregoing result finishes
the claim.
4.3. Break-Off Conditions
Hence, most Lie stacks with B non-commutative will have an infinite
PBW-basis. However, we have seen before that certain Hopf subalgebras
may have a finite PBW-basis and are again enveloping algebras of Lie
stacks. It is therefore a very interesting problem to characterize the Lie
stacks whose enveloping algebras have generators of bounded degree. This
will be a difficult problem in general.
To finish this paper let us give a characterization in the easiest case, that
 .is, we assume that all the generators of U s are in degree one except for
one generator in degree two.
 .PROPOSITION 8. Let s : A ª A m B be a Lie stack such that gr U sd d
 .is generated in degree one and one generator in degree two. Then, U s ,d
 .  .U g as algebras but not as coalgebras where g is a finite dimensional Lie
algebra.
Proof. By Lemma 4 we can take the extra generator x to be such that
 . 2 .y s D9 x is a p-eigenvector of H p with character l g p*. For every
p g p we obtain
w xD9 h , x s l h D9 x and hence .  . .
w xh , x y l h x g Prim U s s p . .  . .d
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Therefore, there is a derivation g g p ¨ Der A such thath
w xh , x s l h x q g . . h
 .As all these brackets are obtained via commutators in U s it is clear thatd
 .  .g s p q C x is a Lie algebra and that U s s U g as algebras.d
w xThis result shows in particular that the examples of 7, Sect. 5 are
enveloping algebras in disguise.
The above proof gives the following procedure to construct not cocom-
mutative. Hopf algebra deformations of certain enveloping algebras.
THEOREM 4. Let h be a finite dimensional Lie algebra such that
0 / y s h m hX y hX m h g H2 h .  . i i i i
is an h-eigen¨ector of weight l g h*. Consider the extended Lie algebra
w x  .g s h q C x with extra brackets h, x s l h x.
 .For e¨ery t / 0 there is a non-cocommutati¨ e Hopf structure U g on thet
 .en¨eloping algebra U g determined by
D h s h m 1 q 1 m h and .
D x s x m 1 q 1 m x q t h m hX y hX m h .  . i i i i
w X xS h s yh and S x s yx q t h , h . .  .  i i
w X x  .If  h , h / 0 in h then the antipode S has infinite order. Clearly U g ¬i i t
 .U g as Hopf algebras if t ª 0.
Proof. The only remaining point is the order of the antipode. If
w X x0 / h s  h , h then an inductive computation shows thati i
n nnS x s y1 x y y1 nh .  .  .
from which the claim follows.
 .In this case, the Lie coalgebra u s g has non-zero cobracket b x s ty.
Hence, u* is the nilpotent Lie algebra with non-zero brackets
w U XU xh , h s tx .i i
2 .When h is simple there are no h-eigenvectors in H h ; however, if h is
solvable there always are. Let us make the easiest example explicit.
w xEXAMPLE 2. Let b s Ca q Cb with a, b s b the two-dimensional
2 .  .non-Abelian Lie algebra. Then H b s C a m b y b m a s C y is
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w xone-dimensional hence must be an eigenspace. Clearly, a, y s y and
w xb, y s 0.
w xThen, g s Ca q Cb q C x is the Lie algebra with brackets a, b s b,
w x w x  .  .a, x s x and b, x s 0 and the Hopf structure U g on U g is given byt
D x s x m 1 q 1 m x q t a m b y b m a and S x s yx q tb .  .  .
so the antipode has infinite order.
The Lie algebra h does not have to be solvable in order to satisfy the
requirements of the theorem. For example, consider the twisted Lie
algebra extension h of sl with respect to any even dimensional simple2
2 .representation V as the decomposition of H V containing the2 nq1 2 nq1
trivial representation. One can iterate the procedure of the theorem to
 .obtain non-cocommutative structures on certain U g such that the de-
 .grees of the generators of gr U g with respect to the coradical filtration
become arbitrarily large.
PROPOSITION 9. Assume we ha¨e a chain of Lie ideals
h s h eh e ??? eh s g ,0 1 k
where for e¨ery 1 F i - k we ha¨e that h rh s C x where the h -weightiq1 i i i
2 .l of x is the weight of an h -eigen¨ector y in H h . Then, we can define ai i i i i
 .non-cocommutati¨ e Hopf algebra structure U g on the en¨eloping algebrat
 . k  .  .U g for 0 / t g C and such that U g ¬ U g as Hopf algebra if t ª 0.t
Another application of the characterization is that the enveloping alge-
bras of certain Lie stacks are enveloping algebras in disguise when the
dimension of B is small.
PROPOSITION 10. Let s : A ª A m B be a Lie stack such that d :d 1
2  .mrm ¨ Der A is a Lie subalgebra. If dim B F 4, there is an algebra
 .  .isomorphism U s , U g .d
Proof. If B is commutative such a result holds in general. If B is
 .noncommutative, then dim B s 4 and has a standard basis with b ,1
2  .  .b g m and b g m . By assumption d b and d b span a Lie algebra2 3 1 2
h of Der A which must be Abelian or the two-dimensional non-Abelian
Lie algebra b. In either case, we have that
D9 c s s q a, .3
2 . 2 . where s g S h and a an h-eigenvector in H h which is one-dimen-
.  .  .sional . But then by the arguments used before U s , U g as algebrasd
for some Lie algebra g.
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Remark that we cannot bound the dimension of the Lie algebra g as
this depends on the dimension of the Lie subalgebra of Der A generated
 .by h and d b .3
We close with a suggestion for further research:
 .QUESTION 1. Assume s: A ª A m B is a Lie stack such that U s has a
 .  .finite PBW-basis. Does there exist a Lie algebra g such that U s , U g as
algebras?
 .In other words, is there a Lie subalgebra g of U s the images of which
 . c .in gr U s s U u span the Lie coalgebra u? The examples given in this
paper perhaps motivate a further study of these ``Lie-bialgebras'' and their
enveloping Hopf algebras.
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